Lec. 5.

Per-Unit (pu) Representation

4.1 Introduction

The per-unit (pu) system is used extensively in power system
calculations. The representation simplifies the vast scaling of sizes from
super-large generation and transmission networks to the industrial distribution
system or a residential load. The definition of the per-unit value of any

quantity is given as:

i actual value
pu value = - — - (1)
base value of the same dimension

In any electrical network, a minimum of four base quantities is required to
define completely a per-unit system: voltage, current, power, and impedance

(or admittance).

i actual power
per unit powear = — (2)
base power

actual voltage

e a1it vl
Dper unit volrage - - (3)
dase voilfage

. actual current 4
Der unit curvent = (4)

base current

actual impedance (5)

i Wnit 1 -.'14.:." =
nar unit impedance - - -
oase mmpeaance

If any two of these quantities are chosen arbitrarily, the other two become

fixed. For example, selecting base values for voltage and power fixes the base



values for current and impedance. Therefore, on a per phase basis the

following relationships hold:

] base power
base current = - . (6)
base voltage

base voltage

base impedance = (7)

base current

EXAMPLE 4.1

Calculate the base impedance and base current for a single-phase system if the

base voltage is 7.2 kV and the base apparent power is 10 MVA.

-

(v, V (7200 V)

Ej‘n;p — Base ! — 1 J .
Sy 10.000.000 VA
Z,.. =5.1840Q
J,. = Sam _ 10000000 VA
Vo 7200 V
I, =13889A

For three-phase systems, we use the total or three-phase power and the
line-to-line voltage as the base. For currents and impedance values, it is
common practice to convert the system to a wye-connected network, and use
the phase current and phase impedance as the bases. Hence, the base
impedance and the base current can be computed directly from the three-phase
values of the base apparent power and the line-to-line base voltage. Delta-
connections for the moment are converted to wye-connected equivalents.

Recall for wye-connections, V.= V3V, and from Equations 8 and 7 we
find:

Sy =3V, -1, (8)

=£.p’£ 'f_:



_ S]ci—B.:'.'e SE ¢—Bara ,l!'q 53 ¢—Base

base current, I, = = =
Bae - . N
Vo b Vi gwe ;'! YERNMER Vi1 Base

Ea r
g p-Base I;H—E!T:H'lﬁ

Base impedance, £_ = =

ot ‘T.E.z.-'# IEH.—'F
and
Z — |F5' —Baze |- _ l:-FL’. —Basa Jfﬁ:r _ II IFH —Base .]2
Bawe — - -
51.5—5.:'.'# 55-\5 —Base f'lr} 53-\5 —Base
EXAMPLE 4.2

A three-phase system delivers 18,000 kW to a pure resistive wye-connected
load. The line-to-line voltage at the load terminals is 108 kV. Assuming the
three-phase power base is 30,000 kVA and the voltage base is 120 kV, find
the following per unit quantities for the load:

a) the per unit voltage,

b) the per unit power,

c) the per unit current, and

d) the per unit impedance.

a) The line-to-line base voltage is:
V| L-Base= 120KV

And the phase base voltage is:

MEFT
_ 20KV _ oo opp
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The actual line-to-neutral voltage is:

= I}FLI
B
_ 108kF 60 ART
N5
The per unit voltage is:
V= £ _ Vi
~ 'F,s —Bare FL[ —Baze

624KV 108KV
692KV 120kV

= 0.900 pu

b) The three-phase base power is:
S3o= 30,000kVA

and the single-phase base power is:

18

lg = 3% 3¢

_ 30.000&74

S

=10,000%k14

The per unit power is:

P, = il - By
S]-&—B.:':ﬁ' S

60007 18,000/

Jg—Base

= — = 0.600 pu
10,0004 3000014 )
c) The per unit current is:
'gplu ‘
I =|=
- [I-:FE ]
_ 0.600+ 70.0pu — 0.667 pu
0.900 g



The base current is:

g:ﬁ— Base

E.:w "4"'_ IH -

_ 30,000kFA4 14434

3 (12087
To verify the results, first calculate the actual current, which is:
‘lr = I.EG‘ o Ip_

— (144 3.4)(0.667 pu) = 96.2.4

Calculate the load current from actual voltage and power:

I = 6.000£7°4 — 9624
i 62 4k

I,=1,=9624
d) The per unit impedance is:
— }!‘Fh
-1,

_ 0.900 pu
0.667 pu

zZ

=1330+ 700 pu

The base impedance is:

{ !
|-.If3-,'i~—5'r.':e ]I

E = lg—Base _
Bt I.EG':E 'Siuj—ﬁ.::_-'ﬁ
YR )
_ {12087 ) = 4804
30MTA

To verify the results, first calculate the actual impedance, which is:
L, =Ly Z,,
= (4E80L2)(1.350 pue) = 64802



Calculate the load resistance from actual voltage and current:

_ 624k _ 6480

F :

-

Z,=2,=643Q

Lec.7

4.2 Changing the Base of Per-Unit Quantities

Often the per-unit impedance of a component of a system is expressed on a
base other than the one selected as base for the part of the system in which the
component is located. Since all impedances in any one part of a system must
be expressed on the same impedance base when making computations, it is
necessary to have a means of converting per-unit impedances from one base to

another. From Equations (5) and (7) the per unit impedance can be given as:

zrk _ ‘E_.:'—A:n.'!:- _ l:.z;—.{:.'i.'.zf -I-SETj:EﬂEF :I (9)
i z_'?rl;ﬁ [.Fg;__:h I

!
DS 7

Equation (9) shows that per-unit impedance is directly proportional to
base power and inversely proportional to the square of the base voltage.
Therefore, to change from per-unit impedance on a given base to per-unit

impedance on a new base, the following equation applies:

s. % E
_ Jg—Base—naw IL-Base—old
Z gy = zd{ S - (10)
I

g —Basg—old —Base—naw

Equation (10) is important in changing the per-unit impedance given on a
particular base to a new base. In some problems, when transformers are
involved we must choose more than one voltage base for each primary and
secondary side of the transformers and one power base for the entire system.

The following examples will illustrate the procedure.



EXAMPLE 4.3
A three-phase 13.0 kV transmission line delivers 8 MVA at 13.6 kV to a

resistive load. The per phase impedance of the line is (0.01 + j0.05) p.u. on a

13.0 kV, 8 MVA base. What is the voltage drop across the line in per unit and
in volts?

a) Choose the base voltage to be 13 kV and the base power equal to 8 MVA.
The base current and the load current are:

_ 8.0MVA
e 313,067
I - 8 OMIV
3136k
; | 339.64.£0°
Load-pi = 35534

I =335.34

=339.64207

= 0936 pus0"

The voltage drop is calculated as:

F.::!‘r:p =1 iina Z line
=(0.936.20°)(0.01+ ;0.05) =0.00956+ jO.0478 = 0.0487.L78.7°

b) The actual values for the line-to-line voltage drop and the phase voltage

drop are:

V ooz = (0.0487£78.7°)(13.0kV) = 633V£78.7°

(13.0k7)

v = 3661£78.7°
3

drap—p

— (0.0487.278.7%)



EXAMPLE 4.4

The per phase reactance of a three-phase, 220 kV, 6.25 kVA transmission line
Is 8.4ohm. Find the reactance value in per unit, based on the rated values of

the line. Convert the per unit reactance value to a 230 kV, 7.5 kVA base.

g —Base

P W

_ (2200007 _ 77440
6.250,000F 4

840
77440

=1.083 pu

b)

.
- 2
r _ S-E':T.'-E—.'IE"-I' v Base—ald
Xoowoy =X pid—pu
W= Qi — P .S\- Fr
* Bare—old Base—new

sk4 Y 22087 ¥
=1.085 pu ?"‘:HA 220%F =1.19pu
6.25kVA4 )| 230&V




EXAMPLE 4.5
Consider the system in Figure 1 below. Find the new per-unit values for each

element of the system based on a 2.0 MVA system base. Draw the impedance

diagrams of the system.

1"“2 | 10+j20Q ‘ |
oin —3 —E1.0

Qﬁ 2 MV 3 MV A 2AVA
IMVA MVA DLV
:Iﬁ :-,-ﬂr_i_ ].]..*'.*I ]:'\.1'." 33 11 l.'l JD':'EPU

T i0.15pu i0.1 pu
§0.15 pu

Figure 1 Small Power System of Example 3.5.

The per-unit values for each element of the three-phase system shown above

are as follows:

Machine 1 1.00 MVA, 11 kV, Z=j0.1 pu
Machine 2 0.50 MVA, 11 kV, Z=j0.15 pu
Machine 3 2.00 MVA, 12 kV, Z =j0.05 pu

Transmission Line Z =10 +j20 ohm
Transformer 1 2.00 MVA, 11/33kV,Z=j0.15pu
Transformer 2 3.00 MVA, 33/11kV,Z=j0.10 pu
a) The power base for the entire system is 2.00 MVVA. The base voltages are
chosen for the following areas as:
Zonel Fy =11kV
11

V.. = — I

Zone2 Vo, 11/33 33kT
33

Zone3 Vy, =——=11kF
3311



O—

1 MVA

Wl 3 | eewe | 3 |
S EEIS. O

., - 2IMVA
45 MVA 1133 KV | 3311kV

: : §0.05 pu

PELT 015 pu | j0.1pu
o F" Lone 1 ! P Zonel | Ll Zome 3
10,15 pu 11k BEV 11V

i
Figure 2 Three Voltage Zones of Example 3.5.

The per-unit values for each element of the above system can be obtained by

using Equation 10 as follow:

2 OMW 7Y
Machine 1: £ e = 70.10 20MW ILHT = j0.20 pu
o 1L.OMW | 11kV

2 OMW (11kV Y
Machine 2: Z e = r"[l.].':‘_'ll:]jldﬂ]tr LLer ] = 70.60 pu

Transformer 1: Z pynew = J0.15pui
Transnussion Line: Ly = 33EV) =544 .58)
— 2.0MVA
2042
Z, == = j0.037
T Saasq
2 OMT 7\
Transformer 2- £ = 70.10 _'D'MH_ EBH_ = j0.067 pu
o 3.0MW N 33KV )
2 OMW (127 Y
Machine 3: Z e = 7005 _'ﬁ'mir 1247 = 70.06 pu
o 20MW | 11KV
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b) The reactance diagram is shown in Figure 3.

Tl

L1

000

j0.15

QK

S ﬁa-.-
L r

Figure 3 Reactance Diagram of Example 3.5.

EXAMPLE 4.6

Draw an impedance diagram for the electric power system shown in Figure 4

showing all impedances in per unit on a 100-MVA base. Choose 20 kV as the

voltage base for generator. The three-phase power and line-line ratings are

given below.

Gl: 90 MVA 20 kV X=9%

T1: 80 MVA 20/200kV X =16%

T2: 80 MVA 200/20 kv X =20%

G2: 90 MVA 18 kV X=9%

Line: 200 kV X =120 ohm

Load: 200 kv S =48 MW +j64 Mvar

_ Ty . , I _

P Y ( Line T 0 A
G &)

'_l Load

Figure 4 One-line diagram
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Solution:

The base voltage VBG1on the LV side of T1 is 20 kV. Hence the base on its
HV side is

i 200
Viy =20 2=\ =200 kV
Bl ( 20 )

This fixes the base on the HV side of T2 at VB2 = 200 kV, and on its LV side

at

. 20
Vega =200 — | =20 KV
Bz (ECID)
The generator and transformer reactances in per unit on a 100 MVA base, are:
i 100 _
G- X =0.00 (ﬁ) =0.10 pu
, - f100y

o100y
Ts: X =020 (ﬁ) =0.25 pu

. 100% 1842
:'31 X =0.00 (E) (ﬁ) = 0.081 Pu

The base impedance for the transmission line is

o2
BL = % =400 02
The per unit line reactance is
Linee X =(2Y)~0a0
ine: A= (ﬁ) = (. pu

The load impedance in ohms is
C(Vip)® (20007

Z; = = __ = 300 + j400
Siae 48— J64
The load impedance in per unit is
300 + 7400 .
ZLipu) = —a00 - 0.75 4+ 51.0 pu
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The per unit equivalent circuit is shown in Figure 5.

0.2 j0.3  §0.25
T | T i
I_
0.1 j0.081
PR ”U.?S +i10 L
|_f._'l"1 ! |_|I::_|-2I|
Mo “‘»._I_.-"'

Figure 5 Per unit impedance diagram

Lec. g

EXAMPLE 4.7
The one-line diagram of a three-phase power system is as shown in Figure 6.
Impedances are marked in per unit on a 100MVA, 400kV base. The load at
bus 2 is S2 = 15.93 MW-j33.4 Mvar, and at bus 3 is S3 = 77 MW +j14 Mvar.
It is required to hold the voltage at bus 3 at 400L_0° kV. Working in per unit,

determine the voltage at buses 2 and 1.

Figure 6 One-line diagram
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Solution:

Sy = 15.03 MW — §33.4 Mvar = 0.1503 — j0.334 pu
S = 77.00 MW + j14.0 Mvar = 0.7700 + j0.140 pu

CAD0LP
Vi = = 1.0/0°
T TIoo pu
St 0.7 — 014
=3 =L 002 ger g4
T 1.0.0° e

Vz = LOLO° + (jO.4)(0.77 — j0.14) = 1.1£16.26° pu
Therefore, the line-to-line voltage at bus 2 is

Va = (400)(1.1) = 440 kV
[, _ S5 _ 015034 0.334
*TVr T T11/-16.26°
12 = (0.77 — j0.14) + (0.054 + j0.332) = 0.824 + j0.192 pu
Vi = 1.1/16.26° + (j0.5)(0.824 + j0.192) = 1.2/36.87° pu

= 0.054 + j0.332 pu

Therefore, the line-to-line voltage at bus 1 is

Vi = (400)(1.2) = 480 kV

EXAMPLE 4.8

The one-line diagram of a three-phase power system is as shown in Figure 7.
The transformer reactance is 20 percent on a base of 100-MVA, 23/115-kV
and the line impedance is Z = j66.1250hm. The load at bus 2 is S2=184.8 MW
+J6.6 Mvar, and at bus 3 is S3 = OMW+j20 Mvar. It is required to hold the
voltage at bus 3 at 1151 0° kV. Working in per unit, determine the voltage at

buses 2 and 1.

14



A
N
1-"-3
Vs T—,— 766.125 £2 |
5 1
Figure 7 One-line diagram S

Solution:

S = 184.8 MW + j6.6 Mvar = 1.848 + j0.066 pu

S;= OMW4+ 7200 Mvar= 0435020 pu

. 115400 .
Vi = T 1.0£0° pu
Sr 0.2
L=—2=_—"~=_j02
TV T toe . e PR

Va = 1.0£0° + (j0.5)(—j0.2) = 1.120° pu
Therefore, the line-to-line voltage at bus 2 is

Vo= (115)(1.1) = 126.5 kV

[ Sb_ 1848 j0.066
TV 1.120°
I12 = (1.68 — j0.06) + (—j0.2) = 1.68 — jD.26 pu

Vi = 1.1£0° + (j0.2)(1.68 — j0.26) = 1.2/16.26° pu

= 1.68 — j0.06 pu

Therefore, the line-to-line voltage at bus 1 is

Vi = (23)(1.2) = 27.6 kV
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