Lecture - 7 -
» Step response of a Parallel RLC
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we divide through by LC and rearrange terms:

di, 1 dip i

d?  RC dt ILC LC

i =1+ Aje™ + Ase™,

i; =1 + Ble™coswyt + Bye ™ sinw,t,

i, =1 + Dite™ + Dhe ™,

Example
The initial energy stored in the circuit in Fig. is zero. At t=0, a dc current source of 24 mA
is applied to the circuit. The value of the resistor is 400Q2.

a) What is the initial value of 1, ?
b) What is the initial value of di; /dt?
¢) What are the roots of the characteristic equation?

d) What is the numerical expression for 1, (t) when
t = 0?

- *



Solution

a) No energy is stored in the circuit prior to the application of the dc current source, so the initial
current in the inductor is zero. The inductor prohibits an instantaneous change in inductor
current; therefore iL(0) = 0, immediately after the switch has been opened.

b) The initial voltage on the capacitor is zero before the switch has been opened; therefore, it will
be zero immediately after. Now, because
. dig,
v = dt .

c) From the circuit elements, we obtain
1 1
LC (2525

1 10° .
= = = 5 % 10" rad/s,
“ T 2RC T (2)(400)(25) racys,

[

16 x 105,

Wy =

or
o =25 x 108

7 7 . .
Because wjj < a“, the roots of the characteristic
equation are real and distinct. Thus

sp = —5 % 10* + 3 x 10* = —20,000 rad/s,
s, = —5 % 10* — 3 x 10* = —80,000 rad/s.

d)
ip = Iy + Aje™ + Ase™.

i(0) =If + A1 + A, =0,
di
%{[]) — 5, A} + 5,4} = 0.
Solving for Ajand A} gives
Al = —-32mA and A5 = 8mA.
The numerical solution for ;(t) is

ip(t) = (24 — 327200000 4 RS0y mA ¢ = 0.



¢ The Resistor in the Previous Example is increased to 625 Q . Find i.(t)
fort>0.

Solution

Because L and C remain fixed, o} has the same
value as in Example that is, j = 16 x 10%
Increasing R to 625() decreases a to
3.2 % 10*rad/s. With wj > o, the roots of the
characteristic equation are complex. Hence

5; = =32 x 10" + j2.4 x 10" rad/s,

53 = —3.2 x 10* — j2.4 x 10° rad/s.

The current response is now underdamped and
given by Eq.

() = Iy + e cos wyt + Bhe ™ sin wyt.

Here, a 1s 32,000 rad/s, wy 1s 24,000 rad/s, and
I¢is 24 mA.

Asin Example |, Bjand Bj are determined
from the initial conditions. Thus the two simultane-
ous equations are

i(0) = Iy + Bj =0,
di
—r(0) = 0B — aBj = 0.
Then,

B = —24mA
By = —32mA.

The numerical solution for ;(f) 1s

in(t) = (24 — 243290 co5 24,0001

— 3232000 6in 24.000) mA, ¢ = 0.



¢ The Resistor in the Previous Example is 500 Q . Find i (t) fort >0.
Solution

We know that wf remains at 16 % 10%. With R set at
500 Q, @ becomes 4 % 10*s™!, which corresponds
to critical damping. Therefore the solution for i (f)
takes the form of Eq.

ig(t) = I; + Dijte™ + Dje™™.
v Inductor current in critically damped parallel RLC circuit step response

Again, D} and D5 are computed from initial
conditions, or

i (0) =1, + D, =0,

dig
=L©) = D} - aD; ~ 0.

Thus

D} = —960,000mA/s and D; = —24mA.

The numerical expression for i;(t) is

ir(t) = (24 — 960,000z 400 — 24730000 ;A ¢ = ).

In the circuit shown, R = 500 ), L = 0.64 H, Answer: (a) 80 mA;
C =1uF,and I = —1 A.The initial voltage

drop across the capacitor is 40 V and the initial (b) ~1.58 A;
inductor current is 0.5 A. Find (a) iz(0"); (c) 62.5 A/s;
gy oy ) :
(b) ic(0™); (c) dip (07)/dt; (d) sy, 52 (e) iy () for (d) (1000 + j750) rad/s,

= +
t = 0; and (f) v(t) for ¢ = 0™ (—1000 — j750) rad/s;

, l- i (e) [-1 + 1915 cos 750t
'R R +2.0833sin 750¢] A, for t = 0
:
- (f) e %% (40 cos 750t — 2053.33 5in 750¢) V.

for t = 0%

+ 4




8.27 Assume that at the instant the 2A dc current source
pseice is applied to the circuit in Fig. P8.27, the initial cur-
B rent in the 25 mH inductor is 1 A, and the initial

voltage on the capacitor is 50 V (positive at the

upper terminal). Find the expression for i;(t) for
t = 01if R equals 12.5 ().

Figure P8.27

2A ir(1), 325 mH %62.5@13 IR

1 1
Wo = | —= = — 800 rad/s
“ LC \/(25 « 10-3)(62.5 x 10-9) rad/s

1 1
~2RC ~ 2(12.5)(62.5 x 10-9)

= 640 rad/s

Cx

wa = V/800% — 640 = 480

I;=2A

ir, = 2 + Bje %1% cos 480t + Ble 5% sin 480t
i(0)=2+B, =1 so Bj—-1

diy
dt

'Lr
(0) = —aB)| + waB} = f”

, 50

ir(t) =2 — e %% cos 480 + 2.83e %% sin 4801 A

underdamped



8.28 The resistance in the circuit in Fig. P8.27 is changed
to 8 (). Find i, (f) fort = 0.

1 1
T 2RC ~ 2(8)(62.5 x 10°9)

1 T
Wo =]+ = — 800 rad/s
LC \/(25 « 10-3)(62.5 x 10-9) rad/s

Overdamped: s1.9 = —1000 + /10002 — 8002 = —400, —1600 rad/s

= 1000 rad/s

Ck

Iy =2A

i_[, —9 + Aie—'-lﬂﬂt + 4456_160[];

in(0)=24+A1+A45=1 so Aj+A,=-1

dig, Vo 50
TL gy = —4004" — 160047, = 22 — 2" _ 9000
it ) ! 2T L 25 % 10-3
1 4
Solving, Al = T Al = -3
1 4
in(t) =2+ —400¢ = 1600t A, t>0

3¢ 3




8.30 The switch in the circuit in Fig. P8.30 has been
open a long time before closing at t = (. At the
time the switch closes, the capacitor has no stored
energy. Find v, fort = (.

Figure P8.30

160
=10 =+
+ _ 1
4‘»’(_:) 05H U, = 312.5 uF
i(07) =i (07) = i =0.25A
; T 254
Fort =0

0. 25A(1) 1602 % D.SHE 312-5115140

_ 1 B S o S .
O{_W_l{]ﬂradfs, ”o—ﬁ—gﬂ 50 we = 80 rad/s

s1.9 = —100 £ /1002 — 802 = —40, —160 rad/s
valoc) = 0= Vp; Al + A =w(0) =0
v, = Aje 10 1 Ale 100
ic(07)=—-025+025+0=0

dug
dt

=0=—-404] — 1604}
Solving, Al =0; A, =0

v, =0fort =10



8.35

PSPICE
ULTISIM

[a] i, = IJF—O-Ale

[b] ve(t) =vi(t) =

The switch in the circuit in Fig. P8.35 has been in the
left position for a long time before moving to the
right position at t = (. Find 1 kO

a) ig(t)fort = 0,
(DIDDV

b) ve(r) fort = 0.

100 mA

O

i< O
3000
S (Y — o (O =
Vo = 1,(07) = 0,(07) = 4000(100) v
Ip =i, (07) =iL(07) = 100mA
i =0
+
2EUF = v 25 O £4002 ) 100ma
_ i
0= ! = ! — — 500rad/s

ORC' ~ 2(40)(25 x 10-6)

“=\Ic LC \/(250 x 10-9) 2 10y 100

a’ > :.uo overdamped

512 = —500 £ v/500% — 4002 = —200, —800

— 800

2004 Age

Iy = 100mA
f;_{'[]) =01+41+A4:=0.1 S0 A1+ A =10

Fa ¥
di(n} 9004, — 80045 = 20— B _ g

L 025

Solving, Ay = 0.5, Ay = —0.5

iL(t) = 0.1+ 0.5¢ 2% — 0.5 % A
C!‘-?Jr
L@

— 25 0 4 1006 S0y, £ >0

= (0.25)(—100e 2" 4 400e%)



» Step response of a Series RLC

V=R.!.+L%_’Uc. =1 .,
.
: dvc
| = C?, 1% i
di dvc
dt - di

dzchrEdvc_ ve V
d* L dt LC LC

ve =V + Al + A%e™ (overdamped),
ve = V; + Bie™™ cos wyt + Bje ™™ sin wgt (underdamped),

ve =V + Dite™ + Die™ (critically damped),

Example

No energy is stored in the 100 mH inductor or the
0.4 uF capacitor when the switch in the circuit
shown in Fig. 8.17 is closed. Find v¢(r) fort = 0.

/>< P i i W
1 0.1H 280 () N
=10
8V 0.4 uF =< ve

Solution

The roots of the characteristic equation are

o280 ({20 10°
702 Vi o2)  oayos

— (—1400 + j4800) rad/s,

57 = (—1400 — j4800) rad/s.
The roots are complex, so the voltage response is underdamped.Thus

ve = Vi + Bie™¥ cos wyt + Bje ™ sin wyt (underdamped),



ve(t) = 48 + Bie ¥ cos 4800t
+ Bhe ¥ 5in 4800f, t = 0.

No energy is stored in the circuit initially, so both
v(0) and dve(07)/dt are zero. Then,

ve(0) = 0 = 48 + By,

m};%?ﬂ = (0 = 4800B; — 1400B;.
Solving for B and B3 yields
B = —48V,
B; = —14 V.
Therefore, the solution for v(t) is

ve(t) = (48 — 48e 0% cos 4800t
— 14e % 5in 48006) V, ¢ = 0.

Q/
The switch in the circuit shown has been in 9k
position a for a long time. Atf = 0, it moves to W
position b. Find (a) i(07); (b) vc(07);
(c) di(0%)/dt; (d) s1, s2: and (e) i(t) for t = 0. 80V

Answer: (a) 0;
(b) 50'V;
(c) 10,000 A/s;
(d) (—8000 + j6000) rad/s,
(—8000 — j6000) rad/s;
(e) (1.67¢ 5% sin 6000¢) A for ¢t = 0.




8.49 The initial energy stored in the circuit in Fig. P8.49

rspice is zero. Find v,(t) fort = 0.
WULTISIM

Figure P8.49

80 mA C‘D g 200 O vo(1) Z< 16 uF

8.50 The resistor in the circuit shown in Fig. P8.49 is

seie changed to 250 (). The initial energy stored is still
WEEM zero. Find v,(t) fort = 0.

8.51 The resistor in the circuit shown in Fig. P8.49 is
changed to 312.5 (). The initial energy stored is still
zero. Find v,(t) fort = 0.

R 200
8§49 a= ———— = 400rad
o= 2(0 0%5) rad/s
= 500rad/:
VLC \/(mxms 116 % 105 — orad/s
a® <uwp: underdamped

— /5002 — 4002 = 300rad/s
vo = Vi + Ble """ cos 300t + Bhe 1% sin 300t
v,(0c) = 200(0.08) = 16V
1,(0)=0=V;+B{=0 so Bj=-16V

dt,.;.

7(0)=0=—400B] +300B) so  Bj=-2133V

vo(t) = 16 — 1661 cos 300t — 21.33¢ 1 sin 300t V, ¢ >0




R 250

850 a=—= = 2/0.0%) = 500rad/s
= 500rad
‘.fLC \/{200)(103 16 105 covrad/s
a = uJ,D : critically damped

v = Vi + Dite % 4 Dhe 500
vo(0) =0 =Vj + D
vo(oo) = (250)(0.08) = 20V; oDy =20V

d‘bo

Z(0)=0=D;—aD, s D;=(500)(~20) = ~10,000 V/s

vo(t) = 20 — 10,000t " — 205V, ¢t >0

R 312.5 o
o = ﬁ—m—szdlﬂ.dfs
0 = 1| = ! = 500 rad/
Y= NTC TV @0 x 108)(16 x 10-6) R
o = wp overdamped

s19 = —625 £ /6257 — 5002 = —250, —1000rad/s

250t v —1000t

v, = Vy+ Ale ™ + Abe
v,(0) =0 =V; + A} + A)
v,(00) = (312.5)(08) = 25'V; co A+ A =25V

du,,
dt

(0) = 0 = —250A4% — 10004}

Solving, Aj = —-33.33V; A, =833V

vo(t) = 25 — 33.33e 5% 1 83371000y ¢ >0



The Circuit is When Qualitative Nature of the Response
Overdamped o > W} The voltage or current approaches its final value without oscillation
Underdamped a? < W The voltage or current oscillates about its final value
Critically damped o = wh The voltage or current is on the verge of oscillating about its final value
Damping Natural Response Equations Coefficient Equations
Overdamped x(t) = A e®t + Aye™ x(0) = A; + Ay;
dx/dt(0) = A5y + Ass,
Underdamped x(t) = (B cos wgt + B, sin wyt)e ™ x(0) = By;
dx/dr(”) = _ﬂ'Bl + (.!Jde,
where w; = Vi — o?
Critically damped x(t) = (Dyt + Dy)e ™ x(0) = D,,
dx/dt(0) = Dy — a D,
Damping Step Response Equations® Coefficient Equations
Overdamped x(t) = Xp + Aje™ + A} e x(0) = Xy + A} + A
dx/dt(0) = Ajs; + Ass,
Underdamped x(t) = Xy + (Bjcoswgt + By sin wgt)e x(0) = X¢ + BY:
dx/dt(0) = —aB] + w;B,
Critically damped x(t) = Xy + Dite™ + Dhe ™™ x(0) = Xy + D5

dx/dt(0) = D} — aDj



